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Abstract 
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We discuss the question of whether it is consistent that closed discrete subsets of a first countable, 
countably metacompact space must be G, sets. Assuming a = c, every psi-like space constructed 
using a m.a.d. family (of countable subsets of w,) is not countably metacompact. Assuming a 
situation when closed discrete sets are G, sets we show that any first countable, countably 
metacompact space, of countable scattered height, is developable. 
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The property of countable metacompactness may always be considered as a 
weakening of the perfect condition (all closed subsets are G8 sets). In the first 
countable case, a result from [3] suggests that a partial recovery of the perfect 
condition from countable metacompactness may be expected if one assumes the 
product measure extension axiom (PMEA). 
Theorem 1 [3] (PMEA). In ajirst countable, countably metacompact T, space X every 
closed discrete subset is a G6 set. More generally, any closed set, which is the union 
of a discrete collection of G, sets, is a G8 set. 
This theorem also suggests that many popular constructions, which yield first 
countable spaces with a closed discrete subset that is not a G8 set, will not be 
countably metacompact, a fact not otherwise obvious in many individual cases. 
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Since PMEA requires the existence of a large cardinal, the question naturally 
arises as to whether the results in the above theorem are consistent with ZFC or if 
there are counterexamples consistent with ZFC. We are particularly interested in 
the first part concerning whether closed discrete subsets are G, sets in a first 
countable, countably metacompact space. This question was asked of the author by 
P. Nyikos several years ago in a private communication. 
Question 2. Is it true that in a regular first countable, countably metacompact space 
every closed discrete subset is a G, set? 
Without asking for regularity there is an easy example of a Hausdorff, countably 
metacompact, first countable space containing a closed discrete subset which is not 
a G8 set. This example, requiring the existence of a Q-set, is only of interest because 
no separation axioms beyond T, were assumed in the proof of Theorem 1. By a 
Q-set, we mean an uncountable subset Z, of the real line, such that every subset of 
Z is a relative F,,. The existence of a Q-set is known to be consistent with ZFC 
(and follows, for example, from Martin’s axiom plus 1CH) [6]. 
Example 3. Assuming there exists a Q-set, there exists a Hausdorff, countably 
metacompact, first countable space having a closed discrete subset which is not a 
G, set. 
Proof. Suppose Z is a Q-set in [w and let X = Z x 2. Describe a topology on X as 
follows: The elements of Z x (1) are isolated in X. If (z, 0) E Z x {0}, then neighbor- 
hoods of (z, 0) in X are those subsets of X which contain {(z, 0)) u ( U - {z}) x {l} 
for some U, a neighborhood of z in Z. It is clear that X is a first countable Hausdorff 
space and Z x (0) is a closed discrete subset of X. The verification that X is countably 
metacompact and that Z x (0) is not a G8 set is left to the reader. 0 
Regular counterexamples to Question 2 have only recently been constructed. 
Shelah [7] has constructed a normal ladder system space (hence a first countable, 
countably metacompact, locally compact space) in which the closed discrete set of 
nonisolated points is not a G, set. Recently, Balogh and the author [l] constructed 
a full ladder system space which is countably metacompact and where the closed 
discrete set of nonisolated points is not a G, set since it contains limit points of 
every stationary subset of the set of isolated points. Both of the examples mentioned 
above are forcing constructions. 
It is still unknown whether there is a model of ZFC in which there is a positive 
answer to Question 2. Nyikos [5] has recently obtained the partial result that, if 
V= L, then every locally countable, countably metacompact T, space has the 
property that every closed discrete subspace is a G, set. 
If one is searching for a regular counterexample to Question 2 it is natural to 
look at examples of “psi-like” spaces built using an uncountable set of isolated 
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points. More precisely, let ti denote a maximal almost disjoint collection of count- 
ably infinite subsets of w, and let $(&) denote the set w, u ti. Describe a topology 
on (cI(&) as follows: The elements of w, are isolated. If A E sd, then neighborhoods 
of A are exactly those subsets of +(a) which contain {A} u A-F for some finite 
subset F of A. It is straightforward to verify that (Cl(&) is a Hausdorff, locally 
compact, first countable space and & is a closed discrete subset which is not a G6 
set. However, properties of the family d can vary in different models of ZFC and 
these differing properties can have an impact on possible topological properties of 
$(a). One property that seems to have an effect on the question of whether $(a) 
is countably metacompact is the cardinality of &. Following the notation given in 
[8] let 
a = min{)d(: A is a m.a.d. family of infinite subsets of w}. 
It is well known that w, s a 4 c in any model of ZFC and that a = w, <c, o, <a = c, 
or w, <a < c are each individually consistent with ZFC. It is unknown whether the 
space $(a), described above, can be countably metacompact for some family d 
in some model of ZFC, however, if a = c, we can show that $(a) is never countably 
metacompact. 
Theorem 4. Assume a = c. Then, for every maximal almost disjoint family ti of 
countable subsets of w, , $(d) is not countably metacompact. 
Proof. We have $(a) = & u w, where & is a m.a.d. family of countable subsets of 
w1 . Express & = {A,: a < c} and let 93 = {B,: (Y < c} be an indexing of the family 
of all countable subsets B of w, with /cl( B)I = c. We can find a countably infinite 
partition {E, : n E w} of & such that E, n cl(B,) # 0 for every n E w, a < c. For every 
n E w let U,, = E,, u w, and let Q = { U,,: n E w}. For the purpose of obtaining a 
contradiction, suppose the countable open cover % has a precise point-finite open 
refinement “w = { W,,: n E w}. For k E w, let Fk = {p E w, : ord(& “II/‘) = k}. There is 
some kEw, where (Fk(=w,, and some Kcw, IKI=k where 
Let C = (ni, K W,) n Fk. Note that 4 n C = 0 if jg K. Since ICI = w, there exists 
some B, = C; however cl( B,) n E, # 0 for every j E w and this implies Wj n C # 0 
for every jE w, a contradiction. Hence % cannot have a point-finite open 
refinement. 0 
It would be interesting to know whether Theorem 4 is true in ZFC, without the 
assumption of a = c. This is different, of course, than the question of whether there 
exists, in ZFC, some m.a.d. family & of countable subsets of w, so that $(ti) is 
not countably metacompact. Such a “real example” of a noncountably metacompact 
CL(&) can be constructed by taking advantage of the structure of the real numbers 
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R. If I denotes the closed unit interval in R, identify w, with a dense subset of I 
and pick the family & so that elements correspond to the ranges of convergent 
sequences from w, to elements of I. It can be verified that, with this choice of d, 
$(a) is not countably metacompact. This is true since, in this construction, whenever 
C is an uncountable subset of w, there is a countable subset B of C so that the 
cardinality of cl(B) is c. This is the essential ingredient which allows the proof of 
Theorem 4 to proceed in this case. 
We finish with a result which gives an application of the situation when it is true 
that closed discrete sets are G, sets. This next theorem implies, for example, that 
under PMEA any first countable, countably metacompact space of countable scat- 
tered height is actually developable. Independently, Nyikos has also observed this 
result. See Theorem 7 and the resulting Corollary in [.5]. 
To recall the definition of scattered height we use the following notation: For 
any space X let X’“’ denote the set of isolated points of X and for any ordinal j3, 
let X@’ = (X -U~zia X’“‘)‘o’. A space X is scattered if and only if there is an 
ordinal /3 so that X = Uucp X’“’ In case X is scattered, the smallest ordinal p so . 
that X - Uu_s X’“’ = 0, is called the scattered height of X. 
It is clear that the condition of countable scattered height cannot be omitted from 
the next theorem since o, , with the order topology, is a first countable, countably 
metacompact space of scattered height w, and all closed discrete subsets of w, are 
G, sets. 
Theorem 5. If X is a first countable, countably metacompact space of countable scattered 
height (and all closed discrete subsets of X are G6 sets), then X is developable. 
Proof. First, notice that X is quasi-developable [2]; this follows simply because X 
is a first countable space of countable scattered height. Thus it will suffice to show 
that X is perfect. 
We prove by induction on the scattered height, so assume X has scattered height 
/3 and the appropriate statement is true for all scattered spaces 2 of scattered height 
less than p. Clearly the theorem is true if p = 1, the first case where X f B. To 
continue we consider the two cases where /? is nonlimit or limit. If p is a nonlimit 
ordinal, we express p = y + 1. Now, X (y) is a closed discrete subset of X so we may 
assume X”’ =n,,,, G, for some open sets G,, n E w. If Y,, = X - G,, then the 
closed subspace Y,, has scattered height less than p so the induction hypothesis 
applies and each Y,, must be developable. Hence each Y,, has a g-discrete closed 
network and it follows that X =X(“) u (Unc, Y,,) has a v-discrete closed network. 
Certainly, X must then be perfect, as desired. In case p is a limit ordinal, pick an 
increasing sequence (Y,,),,~_, of ordinals with p = sup,,, Y,,. For each n E w let 
F, = X -IJ {X’“‘: a < y,,}; then (F,,),,, is a decreasing sequence of closed subsets 
of X with n,,,, F, = 0. Since X is countably metacompact, there exists a decreasing 
sequence of open sets (U,,),,, with f’-),,_ U,, = 0 and F,, c U,,, for all n E w. Now, 
the induction hypothesis applies to each closed subspace 2, =X - U,, so each 2, 
is developable and has a u-discrete network. Again, X = U,,,, 2, has a u-discrete 
network, so X is perfect. That completes the proof. 0 
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